Abstract. Explicit truncated series expressions modelling the fields of a focused radially polarized Gaussian laser beam are derived, accurate to order ε 15 , where ε is the associated fundamental Gaussian beam diffraction angle. The new terms make significant corrections to the known paraxial field components, the corrected fields satisfy Maxwell's equations exactly, and their series converge for ε < 1 and diverge for ε 1.
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Derivation of the fields
Derivation of the (monochromatic) axicon-Gaussian fields will follow the procedure outlined by McDonald [13] , apart from a slight change of notation, the use of SI units throughout, and the assumption that the fields have a time-dependence of the form e iωt , where ω is the frequency. Propagation along the z axis and a stationary focus at the origin of coordinates will be assumed. According to McDonald [13] , the axicon modes of a Gaussian laser beam (wave number k = ω/c, with c the speed of light in vacuum) may be derived from a longitudinally-polarized vector potential A and the corresponding scalar potential . The vector potential satisfies the wave equation
and is related to the scalar potential by the Lorenz condition
The electric and magnetic fields then follow from the potentials by differentiation
Employing cylindrical coordinates (r, θ, z), where the z-axis is aligned with the laser beam propagation direction, the desired fields may be obtained from A(r, θ, z, t) =ẑA 0 (r, z) e iη ,
with A 0 a constant amplitude and η = ωt − kz. Direct substitution of this expression for A into the wave equation yields
A change to the scaled coordinates
then transforms equation (5) into
For small diffraction angles, ε < 1, it is tempting to use ε 2 as an expansion parameter for . So, let us write
This expansion, often referred to as the Lax series in treatments of various types of Gaussian beams [12] , has been the subject of a number of papers recently. Linear operators, introduced by Wünsche [14] to generate exact solutions of the wave equation from paraxial solutions of the same equation, have recently been shown to lead to field expressions that may be summed under certain conditions [15, 16] . To the best of our knowledge, the axicon modes of a Gaussian beam have not been discussed in any of these publications. When the series expansion (8) is inserted into equation (7) and after the vanishing of the coefficient of each power of ε 2 is demanded, there results
Equation (9) gives the paraxial approximation fields. The well known solutions of the equations corresponding to n = 0, 1 and 2, giving the paraxial and the first-and second-order corrections, are [11, 13] , [17] - [19] .
where
In equation (14) ψ G is the Guoy phase associated with the fundamental Gaussian beam. Based on equations (11)- (13) expressions for the fields, accurate to O(ε 5 ), have recently been obtained [9] . In what follows we explore the need for higher-order corrections.
To find expressions for 2n corresponding to n 3, we will be guided by hindsight and follow the work of Davis [11] . Consider a spherical wave emanating from the origin of a Cartesian coordinate system. Its fields depend on the spatial coordinates through the exponential factor exp [−ik x 2 + y 2 + z 2 ]. For points near the propagation axis, where ρ z, this factor has the following series expansion 
Note that the quantity between curly brackets has been expressed in terms of powers of ε 2 . For a tightly focused Gaussian beam, and for points satisfying the same condition, ρ z, we are going to assume that dependence of the 2n upon the coordinates ρ and ζ will be of the same general structure as in equation (15), for all values of n. Specifically, we will write
where the quantities a 0 , a 4 , b 0 and b 2j depend only upon ζ, and the second of equations (16) holds for n 2. The ansatz (16) has been arrived at by hindsight stemming from some rigor. The exponential term in the expansion (15) suggests the place of 0 and its dependence upon ρ, which is also supported already by the known explicit forms of 2 and 4 in equations (12) and (13) . Similar support from (12) and (13), as well as from the expansion (15), is lent to our choice of limits on the sum in the second of equations (16) . The fact that only even powers of ρ appear in (12), (13) and (15) has forced the ρ 2j dependence in (16) upon us. Analytic expressions for the 2n may then be obtained from substituting equation (16) of a particular value of n in the corresponding differential equation (see equation (10)) and demanding that the coefficients of all powers of ρ 2j in the resulting expression vanish identically. The analytic expressions of the 2n are collected in appendix A.
An ansatz for the scalar potential of the same general structure as that of the vector potential, namely, = φ(r, θ, z) e iη will now be employed. This gives ∂ /∂t = iω . Using this result in the Lorenz condition one gets
The electric and magnetic fields then follow from equations (3)
Although we have stopped at terms in of order ε 14 in the vector potential expansion, or equivalently in equation (16) , the space derivatives in equations (18) 16 can not be accurate, if one stops at terms of order ε 14 in equation (16) . Hence, we will only retain terms in the fields that are of a maximum order of ε 15 in the present work, for the accuracy of such terms is guaranteed.
According to equations (18) the components E θ , B r and B z vanish identically. This feature is characteristic of light output of an axicon. With E 0 ≡ ωA 0 , the remaining complex field components may be written as
In these equations, the coefficients in the sums are electric and magnetic field terms. These terms are collected in appendix B. I have carefully checked and found that the fields satisfy Maxwell's equations ∇ · B = 0 and ∇ · E = 0, exactly. A second check will be to find out whether the fields have the correct paraxial approximation limits. More on this follows in the next section.
Discussion

The paraxial approximation
The lowest-order terms, corresponding to = 0 in equations (19)- (21), give the following (real) field components
and ψ 0 is a constant initial phase. With a minimum of effort equations (22) may be shown to give the well known paraxial axicon fields exactly [5] , [20] - [22] .
On the transverse plane through the focus
On the transverse plane through the focus, ζ = 0, one has: f = 1, w = w 0 , and ψ = ψ 0 + ωt. The resulting field amplitudes, scaled by E 0 , will be denoted by e r , e z and b θ . Surface plots of the amplitudes of e r , e z and cb θ are shown in figure 1 . Note that the amplitudes of e r and cb θ exhibit clear features of a hollow (radially polarized) beam: they vanish identically at ρ = 0, a distinctive characteristic of light submitted to an axicon. On the other hand, the amplitude of e z peaks at ρ = 0, as is also expected for an axicon output beam [7, 8] . These features, as well as some more details, may be read from figure 2 which exhibits intersections of the surface plots of figures 1(a) and (b) and similar ones for the corresponding paraxial fields with the plane y = 0. The proliferation of peaks in the field amplitudes as a result of the added corrections is quite evident.
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Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Figure 1 . Surface plots of the amplitudes e r , e z and cb θ of E r /E 0 , E z /E 0 and cB θ /E 0 , respectively, in the transverse plane through the beam focus. For all plots, the diffraction angle is ε = 0.75, which corresponds to w 0 /λ = 4/3π.
On the beam axis
On the beam axis, ρ = 0, the (real) components E r and B θ vanish identically, while E z becomes 
with ψ → ψ 0 + ωt − kz. It has been demonstrated in recent experiments [8] that close to threequarters of the total beam power may be focused in this axial field component. For this reason, this component plays a central role in particle acceleration [3] - [5] , [21, 22] . The first term in equation (27) gives the paraxial representation of the axial electric field component and the remaining terms are higher-order corrections. The amplitude of E z (0, z, t), normalized by E 0 , is shown in figure 3 as a function of the axial distance from the focus (scaled by z r , the Rayleigh length). Note that the added corrections are quite significant close to the focus and die down quickly beyond z ∼ 2z r , for the chosen diffraction angle.
To further elucidate the importance of the added corrections we will now introduce a measure of the relative uncertainty in calculating the axial field amplitude. A plausible measure of the relative error may be exhibited by the function [16] 
where E z (0, ζ) is the field given by equation (27) and E paraxial z (0, ζ) is its paraxial approximation. This function is plotted in figure 4 for four values of the diffraction angle. The figure shows clearly that the relative error depends strongly upon the diffraction angle, approaching 100% for ε 1. The cases corresponding to ε 1 in figure 4 should not be taken seriously for two reasons. On the one hand, they describe cases far beyond the diffraction limit. On the other hand, the series giving their fields actually diverge, as will be discussed below. For all diffraction angles, however, the relative error drops quickly with increasing distance from the beam's central focus. Questions regarding convergence of the series (27) may not be adequately answered by looking at figure 4. Better conclusions may be drawn from figure 5 in which the on-axis E z amplitude is plotted as a function of the distance from the focus for four values of the diffraction angle. In each part, seven curves are shown: one for the paraxial amplitude (of order ε 2 ), a second for the paraxial amplitude plus the correction of order ε 4 , and so on, up to the full non-paraxial amplitude containing all corrections (up to order ε 14 ) . Almost independently of the value of ε all curves coincide with the paraxial term for large ζ. Thus it may be stated in general that the paraxial approximation describes adequately the on-axis field component at points far away from the central focus. Closer to the focus, however, each correction adds significantly to the paraxial term for large values of ε and less so for small values. In fact, ε = 1 seems from the figure to separate two regimes. For ε < 1, the added corrections contribute less and less with increasing order. This leads to the conclusion in support of the series expansion converging quickly for values of ε 1 ( figure 5(a) ) and less so for ε slightly less than unity ( figure 5(b) ). The opposite appears to be true for ε 1 as is made quite evident in figures 5(c) and (d). The series expansion clearly diverges for ε 1.
The beam power
Laser systems are often characterized by their output beam power. An expression for the beam power may be obtained by integrating the axial component of the Poynting vector over the whole transverse plane through the focus and then averaging the result over the time. In so doing, using the fields above, one arrives at an expression containing terms of O(ε 30 ). However, terms of O(ε 18 ) and beyond cannot be accurate. Consider, for example, the term in the power of O(ε 18 ). This term is expected to contain a contribution from a product of terms in the fields of O(ε) and O(ε 17 ), with the latter not available in our truncated series. Thus terms to O(ε 16 ) only, in the output power expression given below, will be retained for their accuracy is guaranteed. A detailed analytic calculation yields (s = ε/2) 
where P 0 is the beam power calculated from the fields in the paraxial approximation. A suitable measure of the correction to the beam power, introduced by the terms in the field expressions beyond the paraxial approximation, may be given by the relative error in the calculated power, defined by
The percentage error (δ%) is shown in figure 6 for output powers calculated on the basis of equation (29) . Note that terms in the fields beyond O(ε 5 ) begin to make a difference in the calculated power roughly for ε > 0.5, which corresponds to w 0 /λ < 2/π. As ε → 1, however, the uncertainty exceeds 65%. It should be borne in mind, though, that validity of the truncated series expansion becomes in doubt as ε → 1.
Summary and conclusions
The main goal of this paper has been to develop the truncated series method in detail and to improve the accuracy of the representation, as truncated series in the Gaussian beam diffraction angle ε, of the fields of a radially polarized laser beam, the kind one may produce by submitting a fundamental Gaussian beam to an axicon of some variety. The explicit expressions obtained employ the well known parameters of a fundamental Gaussian beam, correct to order of the fifteenth power in the diffraction angle and going far beyond the fields of order ε 5 obtained earlier [9] . Three important issues were then tackled which are of importance for such fields to be valid and useful, namely: (a) the derived field expressions have been shown to reduce to the well known paraxial expressions in the appropriate limits, (b) the derived fields have been checked and shown to satisfy Maxwell's equations, and (c) the series representations have been shown to converge on the beam axis quickly for ε < 1 and to diverge for ε 1.
The author is aware of the existence of series expressions that can be summed up in closed analytic forms for the fields of other types of Gaussian beams [12] , [14] - [16] . Unfortunately, similar attempts pertaining to a radially polarized Gaussian beam per se do not exist, to the best of our knowledge.
